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Abstract. It is demonstrated herein that the use of spatial Poincaré plots provides an
efficient means to describe short and long-range correlations in the spatial structure of
the measured intensity distribution of scattered coherent fields. The intensity
distribution over a row of pixels in single frames of speckle fields with varying speckle
sizes was considered. Statistical descriptors from the spatial Poincaré plots for these
intensity data with variable lags were used to estimate the short and long-term
variations in the measured intensities, and from these descriptors, the minimum speckle
size in the speckle patterns was estimated. This approach yielded similar results for
speckle size estimates as the more standard method of calculating the power spectral
density of the intensity pattern and simultaneously provided information on the relative
contributions of short-term and long-term variations in the measured intensity to the
spatial structure of the scattered fields. © 2017 Journal of Biomedical Photonics &
Engineering.
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Laser speckle patterns are obtained as a result of the
random interference of coherent light scattering from a
rough surface or a scattering volume [1]. Speckle
patterns have been used extensively for a variety of
metrology applications including surface roughness [2],
strain measurement [3] and fluid flow [4-8]. The
second-order statistics of a speckle pattern provide a
description of the spatial structure of the pattern, with
the minimum size of a speckle, or the minimum
correlation length of the pattern, being an important
parameter in the characterization of this structure [9]. It
has been noted in the literature that proper spatial
sampling of the intensity of the scattered field is an
important experimental consideration in speckle-based
metrology applications [10]. In order to meet the spatial
Nyquist criteria, the minimum speckle size of the
measured intensity pattern should be at least two pixels
[8]. Goodman [9] introduced the M parameter which
can be interpreted as the number of speckles per pixel
and may be used as a means of quantifying this. In
practice, the minimum speckle size has traditionally
been estimated in two dimensions in terms of the width
of the power spectral density (PSD) function of the
measured intensity distribution [9]

PSD = |3{I(x, y)}I?, €Y

where 3 represents the Fourier Transform operator and
I(x,y) is the distribution of the measured intensity of
the speckle field. The typical plot of the PSD function is
shown in Fig. 1. The minimum speckle size, A, is
estimated from this distribution as [8,11]

e )
w

PSD

where D is the width of the speckle image and Wpgp is
the width of the PSD function [9]. Note that the PSD is
simply the Fourier transform of the autocorrelation
function and as such is a measure of the correlation
length in the speckle pattern.

A Poincaré plot is a statistical tool to study
variations, or, alternatively, self-similarity in a quantity.
In these plots, sequential measures of the quantity of
interest are plotted against the previous measures. Thus,
the i*" measure is plotted against the (i + 1)** measure,
for 1 = 1,2..N-1, where N is the total number of
measurements available in the data. In biomedical signal
processing, these plots have been used extensively to
study heart rate variability over time [12]. Specific
standard descriptors SD1 and SD2 can be obtained from
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the data. These descriptors are mathematically defined
as [12]

1 1 :
= _{Var(Xn - Xn+l )}2 '

1 5
ﬁXn _ﬁxnﬂ) \/E (3)

sD2={2 Var(X)—SDlZ}% ,

SD1=Var(

where X,,,; and X,, represent the current and previous
measures, respectively and Var(X) stands for the
variance in the measurement of X. As can be seen from
Eq. (3), SD1 is a measure of the standard deviation of
the differences in successive data points. This is
commonly known as the standard deviation in
successive differences in statistics [12]. Thus, the
descriptor SD1 represents the short-term variations in
the data [12]. Also, from the expression for SD2, it is
noted that this represents the difference between the
overall variations in the data, Var(X), and the variations
attributed to short-term differences, SD1. Thus, the
descriptor SD2 effectively represents the long-term
variations in the data. By these definitions, the ratio
SD2/SD1 is an indication of the prominence of long-
term variations in the data, compared to short-term
variations [12]. We have referred to this ratio as the
ellipticity e of the data. We have chosen this
nomenclature, as the descriptors SD2 and SD1 are the
semi-major and semi-minor axes, respectively, of an
ellipse commonly used to study information from these
plots [12] (Fig. 2).

As demonstrated by Brennan, Palaniswami and
Kamen [12], for uncorrelated data, this ratio is unity.
The larger the deviation of this ratio is from unity, the
greater the correlation among the data points. In our
research, we have made use of this ability of the
Poincaré plot descriptors to indicate whether or not the
intensity in neighboring pixels is correlated, which
ultimately reflects the minimum speckle size in the
pattern.

In order to take advantage of the ability or Poincaré
plots to demonstrate correlation between neighboring
data points, the traditional definition of Poincaré plot
descriptors were modified for the purposes of this study.
Instead of plotting every (i + 1)** measurement against
the i*" measurement, we introduced a coarsing factor k,
such that every (i + k)™ measurement was plotted
against the i*" measurement, for i = 1,2,...N-k , with N
being the number of data points (pixels) available. In
previous publications [12], similar descriptors have
been referred to as lag m Poincaré descriptors. Thus,
similar to Eq. 2, the modified descriptors are defined as
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Fig. 1 The Power Spectral Density (PSD) of a frame of
512 x 512 pixels in a speckle field. It can be seen that
the PSD width is half the overall width of the field,
which in accordance with (1) gives a speckle size of 4
pixels. For easy visualization, concentric circles
corresponding to each minimum speckle size from 2 to
10 pixels is drawn on the PSD. The outermost circle
corresponds to size = 2 pixels and each subsequent
circle inwards corresponds to an increase in size by 1
pixel.

Poincare Plot of Intensity
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Fig. 2 A typical Poincaré plot. Any particular point
represents a data point plotted in vertical axis against
the previous data point in the horizontal axis.

Speckle fields were generated using an algorithm as

described by Duncan and Kirkpatrick [13]. Using this
algorithm, we generated speckle patterns with known
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minimum speckle sizes varying between 2 and 9 pixels.
The intensity distribution of individual rows in these
speckle patterns was examined. It has been shown
previously [8] that the intensity PSD width accurately
gives the minimum speckle size input by the user while
implementing this algorithm. Our objective herein was
to use modified spatial Poincaré plot descriptors of the
intensity distribution along a slice (single row) in the
speckle pattern to indicate correlation lengths along this
row of speckles and ultimately describe the spatial
structure (i.e, the minimum speckle size) of the speckle
pattern.

The ellipticity e of the obtained intensity distribution
was measured for different coarsing factors. In all
further discussion, the ellipticity calculated from the
data while setting the coarsing factor as k is denoted as

e, . Thus, e, =SD2,/SDI,

steadily with an increase in the coarsing factor, until it
reached a value approaching unity for all speckle sizes.
As mentioned above, this is the point where the
distribution is seen to be uncorrelated. By further
increasing the coarsing factor beyond this point, the
ellipticity exhibited small oscillations, but remained
approximately equal to 1.0.

We observed that on steadily increasing the coarsing
factor for the calculation of the standard descriptors, the
correlation seen in the intensity data was lost when the
coarsing factor equals or exceeds the pre-determined
minimum speckle size. For example, by examining the
case where the minimum speckle size in the simulated
speckle pattern was 5 pixels in the data of Fig. 4, it was
observed that as long as the coarsing factor was smaller
than 5 pixels, the descriptors were able to detect a
correlation between the observed intensity values. This
results in ellipticity values greater than unity. We refer
to this region as the correlated regime. However, when
the coarsing factor became larger than 5 pixels, the
intensity values detected were seen to be uncorrelated.
This resulted in ellipticity values close to unity. We
refer to this region as the uncorrelated regime. The
minimum speckle size can thus be viewed as the
coarsing factor at the transition point between the
correlated and uncorrelated regimes.

It is clear from the above discussion that a
correlation exists between the minimum speckle size in
the speckle pattern and the value of ellipticity at a
particular coarsing factor. We observed that for any
particular coarsing factor, larger speckle sizes resulted
in higher values of ellipticity, unless we are in the
uncorrelated regime, in which case e = 1.0. The
characteristic feature of the uncorrelated regime is that
the values of ellipticity lie very close to unity and do not
continue to decrease monotonically with an increase in
coarsing factor. Thus, speckle sizes from multiple
speckle fields can be compared by comparing their
ellipticity in their intensity distribution, using a low
coarsing factor (such as & = 1, which lies in correlated
regime irrespective of the speckle size).

. The ellipticity decreased
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Fig. 3 Poincaré plot of intensity for minimum speckle size of 5 pixels. (a) When the coarsing factor was 1 pixel, we
obtained SD1 = 0.0344 and SD2 = 0.1490, giving an ellipticity factor of 4.3314 (b) When the coarsing factor was 6
pixels, we obtained SD1 = 0.1105 and SD2 = 0.1058, giving an ellipticity factor of 0.9575. Thus, the observed

correlation is lost at high coarsing factors.
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Fig. 4 Dependence of measured ellipticity on the coarsing factor for minimum speckle sizes of (a) 2 to 5 pixels (b) 6 to
9 pixels. It can be noted that the ellipticity value tends to asymptotically settle around unity, for each of the speckle
sizes. We call this asymptotic regime as the uncorrelated regime.

In fact, this ability of the spatial Poincaré plots to
distinguish between speckle sizes at low coarsing
factors gains significance, especially at larger minimum
speckle sizes. Figs. 5(a) and 5(b) demonstrate the
challenge with using the PSD for comparing speckle
patterns with minimum speckle sizes of 9 and 10 pixels,
respectively. According to Eq. (2), the width of the PSD
function for the patterns on a 512 x 512 window, are
roughly 114 and 102 pixels, respectively. This translates
to the radius of the functions to be 57 and 51 pixels.
This difference of 6 pixels on a field of 512 x 512 pixels
is more challenging to ascertain, compared to the
approach using spatial Poincaré plots, as demonstrated
in Fig. 5(c).

For a coarsing factor of £ = 1, which lies in the
correlated regime for all speckle sizes greater than 1
pixel, the calculated values of ¢, for the speckle patterns
of 9 and 10 pixels minimum speckle sizes were 7.63 and
8.41 respectively. For k = 2, these values dropped to
3.80 and 4.18, respectively. Thus, for large speckles,
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calculating the ellipticity value using a coarsing factor
of 1 pixel, for example, provides a method of easier
comparison than the visual determination of PSD width.

It is worth recalling that the definition of speckle
size has a statistical foundation. It is approximated as
the square root of the coherence area of the intensity
pattern, which is a function of the covariance of the
intensity distribution [9]. As the geometry of this
coherence is fundamentally two-dimensional, the
process of considering its square root only gives an
estimate of the one-dimensional width of the speckle.
For small speckles, the variation of pixel intensity in
both dimensions is prominent. As such, defining a
boundary between which pixels are to be considered
“within the speckle” and which are to be considered
“outside” is a relatively straightforward task. However,
as the size of the speckles increases, the variation in
intensity across the pixels becomes more gradual (i.e.,
the change extends over more pixels). The stark contrast
between neighboring pixels diminishes and thus, the
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Fig. 5 Comparison of ease of detecting differences in systems with large minimum speckle sizes: PSD for a minimum
speckle size of (a) 9 pixels and (b) 10 pixels compared to the (c) ellipticity values for the same minimum speckle sizes.

boundaries between individual speckles becomes
spatially less distinct.

In conclusion, the use of modified Poincaré plot
descriptors has been demonstrated as an approach for
describing the spatial structure in the measured intensity
of a speckle pattern. The Poincaré analysis as presented
above, provides a useful approach for estimating the
minimum speckle size in a speckle pattern. A
comparison was made with the results using an
alternative approach, that is, the use of the power
spectral density function for the calculation of minimum
speckle size. The concept of employing a cutoff
ellipticity of e = 1.0 to identify the minimum sampled
speckle size was also introduced. Additionally, it was
shown that for large speckles, the present approach has
some advantages over the commonly employed
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approach of assessing the width of the PSD of the
speckle pattern. However, at this point the advantages
are somewhat qualitative and we have not performed a
quantitative assessment of the improvements as this was
not the purpose of this study.

Finally, in addition to providing a method for
estimating the minimum speckle size in a speckle
pattern, spatial Poincaré plots also provide information
about the relative contributions of short-term and long-
term variations in the spatial structure of the measured
intensity distribution of scattered coherent fields.
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