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Abstract. The problem of measuring the fraction of weakly deformable
erythrocytes in a blood sample by the laser diffractometry in a shear flow
(ektacytometry) is considered. The algorithm for measuring this parameter is
proposed, based on a comparison of experimentally observed diffraction
patterns with ones calculated in the bimodal ensemble approximation, when
only two types of erythrocytes are present in a blood sample - normal
(deformable) and rigid (non-deformable) erythrocytes. The accuracy of the
algorithm was estimated by the method of numerical experiment and the area
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1 Introduction

One of the main rheological characteristics of blood is the
deformability of erythrocytes, which is defined as a
measure of the ability of blood cells to change their shape
under the action of external forces [1-4].

Rapid measurements of the deformability
characteristics of erythrocytes are possible based on the
method of laser diffractometry in shear flow
(ektacytometry) [5-9]. This method is based on the
observation and analysis of diffraction patterns arising at
the scattering of a laser beam by a suspension of
erythrocytes in a given field of shear stresses. Currently,
there are laser erythrocyte ektacytometers — Lorrca
(Netherlands) and RheoScan (Republic of Korea) [10],
which can be used to measure the average deformability
of the erythrocytes. At the same time, the problem of
measuring the distribution of erythrocytes in
deformability [11-14] is great of significance, in
particular, the problem of measuring the fraction of
weakly  deformable erythrocytes in a blood
sample [15-19]. In this paper, we propose an algorithm
for measuring the fraction of weakly deformable
erythrocytes based on comparing the experimentally
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observed diffraction pattern with the pattern calculated in
the bimodal ensemble approximation, when only two
types of erythrocytes are present in a blood sample:
normal (deformable) and rigid (non-deformable)
erythrocytes.

2 Laser Ektacytometry of Erythrocytes

In a rotary ektacytometer, a diluted suspension of
erythrocytes is poured into a narrow gap between the
walls of two transparent coaxial cups, one of which is
stationary and the other can be rotated with a given
angular velocity. The rotation of the outer cup leads to
arising a shear stress in the suspension, which elongate
the erythrocytes in the direction of the shear flow. The
suspension is illuminated with a laser beam, the image of
the pattern of light scatter by erythrocytes is registrated
and analyzed using a special algorithm. Examples of the
diffraction patterns obtained for a normal blood sample
are shown at the Fig.1. At low shear stress, the
diffraction pattern has circular symmetry (Fig. 1a). At
high shear stress, the pattern is elongated (Fig. 1b),
demonstrating the deformation of erythrocytes by
viscous friction forces.
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Fig. 1 Diffraction patterns obtained by the laser erythrocyte ektacytometer for a normal blood sample at low (a) and high (b)
shear stresses. The blood sample was taken from a healthy man at the age of 25 years.

3 Model of a Bimodal Ensemble of
Erythrocytes

The simplest model of a blood sample containing cells
with reduced deformability is the model of a bimodal
ensemble of erythrocytes, which assumes the presence of
only two types of cells in the blood - normal (deformable)
erythrocytes and rigid (non-deformable) erythrocytes.
Erythrocytes in shear flow acquire a shape close to
ellipsoidal [11,12]. For simplicity, we will model
erythrocytes with flat elliptical disks. This makes it
possible to describe the scattering of a laser beam by
erythrocytes in an analytical form, and on this basis to
build algorithms for processing laser ektacytometry data.
An elliptical disk is characterized by the dimensions of
its semi-axes a and b and the aspect ratio s = a/b. In
the bimodal ensemble, there are two types of erythrocytes
with semiaxes a,,b; and a,, b, and aspect ratios
s; =a,/b; and s, = a,/b,. Let us denote the fraction
of the first type erythrocytes in a blood sample as p.
Considering erythrocytes of the first type as rigid (non-
deformable) cells, we set s; = 1. Erythrocytes of the
second type are considered normal, for them s, > 1, and
this value depends on the shear stress in the
ektacytometer (or elongation of the cell at certain shear
stress). In our calculations, we will change the parameter
s, at a certain range, thus modeling ensembles of
erythrocytes with differences in the degree of
heterogeneity of the bimodal ensemble.

4 Diffraction Pattern

The diffraction pattern of laser beam scattering by an
inhomogeneous ensemble of erythrocytes was calculated
in Ref. [20, 21]. For a bimodal ensemble, it is described
by the following Eq. [22]:
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I(x,y) =

k k
p-(a1b1)26<2 a%x2+bfy2>+(1—p)-(a2 b2)26<; a%x2+b%y2>

p-(a1b1)2+(1-p)-(azbz)?

Here [ is the light intensity normalized to the intensity of
the central maximum of the diffraction pattern, x, y are
the Cartesian coordinates of a point on the observation
screen, z is the distance from the measuring volume to
the observation screen, k = 2m/A is the wavenumber,
A is the wavelength of the laser beam, p is the fraction of
weakly deformable erythrocytes in a blood sample. The
function G (x) is defined by the following Eq.:

G(x) = [2],(x)/x]%,

where J,(x) is the first order Bessel function. The
remaining parameters are expressed by the Egs.:

a; =ag-(1+¢), by = by - (1 —¢y),
a, =ao-(1+¢,), b, = by - (1 — &),

1

M=(S1_52)'(P_‘)’

2

s=M+./M?+ s;5s,,

_s-s __Sp-s
817 s1+s’ &2 = !

1+S Sp+S
bo = ao/s.

Here a, and b, are the average sizes of the semi-axes of
the elliptical disk.
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Fig. 2 Example of a diffraction pattern (a), isointensity line (b), its polar (c) and characteristic points (d). The diffraction
pattern was constructed numerically for a bimodal ensemble of erythrocytes with parameters s; =1, s, = 2.02, and
p = 0.062. The isointensity line corresponds to the level I = 0.05. The parameters of the polar and characteristic points of

this line are D, = 1.945, Q, = 0.984.

5 Iso-Intensity Line, Polar, and
Characteristic Points

The analysis of the diffraction pattern is carried out on
the basis of the concept of the isointensity line. This is
the name of the set of points on the observation screen,
the light intensity in which has a certain value I = const.
The isointensity line equation has the form

k k
p-(a1b1)20<; afxz+bfy2)+(1—p)-(azbz)26<; a%xz"'b%yz)

=1
p-(a1b1)?+(1-p)-(azbz)?

This Eq. implicitly defines the function
x = x(y) or y = y(x), which describes the shape of the
iso-intensity line. The form of this function can be found
numerically. Let us introduce the concepts of polar and
characteristic points of the isointensity line. Points of
intersection of the iso-intensity line with the Cartesian
coordinate axes (symmetry axes of the iso-intensity line)
are called polar. The characteristic points are the points
of intersection of the iso-intensity line with the diagonals
of the rectangle enclosing this line. An example of a
diffraction pattern, an isointensity line, as well as its polar
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and characteristic points (numerical simulation data) are
shown in Fig. 2.

Due to the symmetry of the iso-intensity line, it
suffices to consider the upper and right polar points and
one characteristic point. Let us denote the coordinates of
the upper polar point x = 0,y = y,, the coordinates of
the right polar point x = x,,,y = 0, the coordinates of the
characteristic point x = x.,y = y,.. Let us introduce the
parameters [23]:

Y,
D==-L
p

— L (% 4 Y
Q_\/E(xp-i-ylz).

As can be seen from Fig. 2,

]

Ip
Ve = X 22
c xp
Hence
Ye = xcD,
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P

Parameters D and Q can be measured experimentally
using a laser erythrocyte ektacytometer or calculated
theoretically based on a particular model. Our further
task is to find the relationship between these parameters
and the characteristics of the bimodal ensemble of
erythrocytes p and s,, and on this basis to develop an
algorithm for measuring the fraction of weakly
deformable erythrocytes p in a blood sample.

6 Database of Simulated Diffraction
Patterns Building

The database of simulated diffraction patterns is a set of
solutions of the direct scattering problem, when the
known parameters of the ensemble of erythrocytes are
used to find the characteristics of the diffraction pattern
that occurs when a laser beam is scattered by blood
samples with different initial distribution parameters.
When constructing the database, we will consider the
parameters of the erythrocyte ensemble s;, s,,p as well
as the level of light intensity I on the iso-intensity line
chosen for measurements, to be known. We will calculate
the geometric parameters of the iso-intensity line - the
parameter of the polar points D and the parameter of the
characteristic point Q. For a given value of the parameter
I, the database is a function set of two variables
D = D(p,s,) and Q = Q(p, s,) specified in table form.
Calculations are made as follows.

Let us introduce the normalized coordinates of a point
on the screen for observing the diffraction pattern U and
V, defining them by the Egs.:

z

kag ’

_ VA
y_kbo

In these coordinates, the isointensity line equation
takes the form [24]

pelG( elzuU2+elz,,V2)+(1—p)ezG< /ezzuU2+e22,,V2)

per+(1-pe;

=1
where
e; =(1—¢})? e; = (1-¢3)?
e =14+¢, e =1+¢,
ey, =1—g¢, ey =1—¢,.
Normalized coordinates of the upper polar point
U=0, V=1V, right polar point U =U,,

V = 0,characteristic point U =U,, V =V,. Polar and
characteristic point parameters
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Uc
Q= ﬁU_p

The Egs. for the coordinates U, ,V, , U, of the polar
and characteristic points have the form

pe1G(erulp)+(-pezGlezulp) _ 7
- L
pe1+(1-pez

pe1G(elva)+(1—P)ezG(ezvVP) =7
- L
pei+(1-pley

Uc | ,2 y2,,2 2 Uc |,2 y2,,2 y2
pelG(U—p ety UpteiyVy +(1-p)exG U_p esuUpter,Vp

pe1+(1-plez

=T

By setting the parameters of the bimodal ensemble of
erythrocytes s,, s,, p as well as the level of light intensity
on the isointensity line T, these Egs. can be used to
calculate the parameters of the diffraction pattern D and
Q of interest to us. In all cases, we assumed s; =1,
which corresponds to the presence in the ensemble
erythrocytes are rigid (non-deformable) cells. As an
example, Tables 1 and 2 show the fragment of the
database obtained for I = 0.05. All numbers in Tables 1
and 2 are given with an accuracy of three decimal places.

Table 1 Parameter D values.

p
0 0.05 0.1
1.95 1.948 1.891 1.831
s, 2.00 2.000 1.940 1.877
2.05 2.049 1.987 1.919
Table 2 Parameter Q values.
p
0 0.05 0.1
1.95 1.000 0.988 0.975
s, 2.00 1.000 0.987 0.974
2.05 1.000 0.987 0.972

The volume of the database is indicated in Section 9.

7 Measurement Algorithm

The task of ektacytometry is to find the characteristics of
the ensemble of erythrocytes p and s, from the known
parameters of the diffraction pattern D, and Q.. To do
this, we need to solve the Egs.:

D(p: SZ) = De/

Q(p: 52) = Q.-
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Fig. 3 Graphs of the functions D, (p) (a) and Q,, (p) (b)
constructed for s, = 2 andu I = 0.05.

where the functions D (p, s,) and Q(p, s,) are defined as
database tables. The problem is solved in the following
way. With a fixed value of the parameter s,, the values
D and Q become functions of one variable, the parameter
p. Let us denote these functions as D, (p) and Q. (p).
An analysis of the tables shows that both of these
functions are monotonically decreasing. They can be
approximated with good accuracy by continuous
piecewise linear functions. This allows each number s,
from the database to be associated with a number p,, such
that Ds,(pp) =D, and a number p, such that
Qs2(Pg) = Q.. As an example, Fig. 3 shows the graphs
of the functions Dy, (p) and Q,(p) constructed for
s, =2and [ = 0.05.

Repeating such calculations for different values of the
number s,, we obtain the functions py, (s;) and py(s,),
given in the form of tables. In the region of parameter
change of interest to us, one of these functions is
monotonically increasing, and the second is
monotonically decreasing. These functions can also be
approximated with good accuracy by continuous
piecewise linear functions. This makes it possible to find
the number s,, at which pp, (s,) = po(s,), and determine
the corresponding value of the number p such that
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p = pp(Sz) = po(sz). As an example, Fig. 4 shows the
graphs of the functions p,(s,) and pp(s,) constructed
for [ = 0.05, D, = 1.945 and Q, = 0.984.

Mathematically, these procedures are expressed by
the following Egs.:

PD(Sz) — (Dz—De)P;Di;De—DOPzD’ (1)
2—D1
(Q2—Qe)P10+(Qe—Q1)P2¢q
= : 2
pos2) 1040 @
P (522)Pp(521)—Pp(S22)PQ(521) 3)

- PQ(522)—PQ(521)—PD(522)+PD(521)'

— [PQ(522)—PD(SZZ)]SZ1+[PD(521)—PQ(521)]522 (4)

2 P (522)—p@(521)—Pp(522)+PDp(521)

Here numbers D;, D, are neighboring numbers from
row s, of the table of parameter D values such that

D, <D, <D,.

The numbers p,p, p2p are the values of the number p
such that

Ds;(p1p) = Dy,
Dy, (p2p) = D,.

The numbers Q4, Q, are neighboring numbers from
the row s, of the table of Q parameter values such that

Q1 =0Qe =05
P -
P N Y,
0070_-__—-_(2__—2_“
AR ) !
0.05 | ,
0.04 | ,
0.03 X
2,(5) 5
0.01f :
195 2 g 205
SZH SZ

Fig. 4 Graphs of functions p (s,) and pq (s,) constructed
for [ = 0.05, D, = 1.945, and Q, = 0.984.

The numbers p;,, p,q are the values of the number p
p such that

Qs2 (P1Q) =0y,

Qs2 (pZQ) = Qs
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The numbers s,4, s,, are neighboring values of the
number s, from the database such that the values
Pp(s21) —Po(s21) and  pp(sz2) —po(szz)  have
different signs.

8 Verification of the Algorithm by
Numerical Experiment

Let the bimodal ensemble of erythrocytes be
characterized by the parameters
s;=1, s, = 2.02, p = 0.062.
The pattern of laser beam scattering by such an
ensemble is shown in Fig. 2a. Let us choose the iso-
intensity line of the diffraction pattern at the level of
relative light intensity

[ =0.05.

This line is shown in Fig.2b, its polar and
characteristic points are shown in Figs. 2c and 2d. The
parameters of the polar and characteristic points of this
line have the following numerical values

D, = 1.945, Q. = 0.984.

To solve the inverse scattering problem, we use the
data given in Tables 1 and 2. From Table 1 for

S, = 1.95

using conditions

D, <D, <D,
we find
D, = 1.891, D, = 1.948,

and the values of the parameter p corresponding to these
numbers

p1ip = 0.05, p2p = 0.
Further, according to Eq. (1), we obtain
pp (s, = 1.95) = 0.0026.
The procedure for finding this number is illustrated in

Fig. 3a. Acting similarly, we find several private values
of the functions pp, (s;) and pq (s,):

pp(s; = 1.95) = 0.0026,  py(s, = 1.95) = 0.0654,
Pp(s, = 2.00) = 0.0458,  py(s, = 2.00) = 0.0615,
pp(s; = 2.05) = 0.0804, py(s; = 2.05) = 0.0594.
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It follows that the difference pp(s;) —po(s2)
changes sign when

Sp1 S Sy < Sy,
where
So1 = 2.00, Sop = 2.05.

The partial values of the functions pp (s,) and pq (s;)
at these points are found by Egs. (1), (2) and we obtain

Pp (521) = 0.04’58, Pp (522) = 0.0804’,

pQ(521) = 0.0615, pQ(SZZ) = 0.0594.

Finally, using Egs. (3), (4), we calculate the required
parameters of the ensemble of erythrocytes

Pa = 0.061, Spq = 2.02.

Comparing these numbers with the initially given
(true) values of these parameters

p = 0.062, s, = 2.02,

we conclude that in this case the parameter s, is
determined exactly, and the parameter p is determined
with an error of less than 2%. Thus, for typical
experimental conditions, the accuracy of the database-
based algorithm turns out to be very high.

9 Results
Calculations of parameters D and Q of diffraction
patterns were performed for the following values of
parameters of bimodal ensembles of erythrocytes:

S1 = 1,
1.9 < s, < 3 with step As, = 0.05 (total 23 numbers s,),
0 < p < 0.5 with step Ap = 0.05 (total 11 p numbers),

and levels of relative light intensity on the iso-intensity
line

I =0.03; 0.05; 0.07; 0.09; 0.15; 0.25; 0.4; 0.5.
In total, 1928 D numbers and 1928 Q numbers were
found. These numbers form a database, i.e. a set of
solutions to the direct problem of diffractometry.
The database algorithm check was made for the
following parameter values:

s, =1,

s, =202 292,
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p = 0.0075; 0.015; 0.031; 0.062; 0.125; 0.25,
[ =0.03; 0.05; 0.07; 0.09; 0.15; 0.25; 0.4.

The accuracy of the algorithm and the area of its
applicability are characterized by the data presented in
Tables 3 and 4. These tables indicate the error in
determining the fraction of weakly deformable
erythrocytes in the bimodal ensemble, found by
numerical simulation of diffraction patterns and their
analysis using the database algorithm.

Table 3 Error in determining the fraction of weakly
deformable erythrocytes in a bimodal ensemble (in
percent) based on the database algorithm — numerical
experiment (s1 = 1, s, = 2.02).

p
0.015 0.031 0.062 0.125 0.25

0.03 6.6 55 1.8 0.7 1.0
005 0.7 9.1 14 0.5 0.8
I 007 13 4.3 4.5 15 0.0
0.09 137 2.6 15 4.0 2.4
0.15 10.0 395 8.2 0.7 0.9

Table 4 Error in determining the fraction of weakly
deformable erythrocytes in a bimodal ensemble (in
percent) based on the database algorithm — numerical
experiment (s1 = 1, s, = 2.92).

p
0.015 0.031 0.062 0.125 0.25

0.03 173 5.0 2.2 12.2 2.2
005 06 8.7 1.0 1.0 0.1
I 007 108 4.5 3.2 14 0.2
0.09 233 7.6 1.6 0.5 0.4
0.15 36.3 7.1 6.2 1.9 0.2

It can be seen from Tables 3 and 4 that the error in
measuring the number p does not exceed 10% in the
region of parameter values

0.03<71<0.09
and

0.03 < p < 0.25

which corresponds to the spread of erythrocytes in
deformability

0.087 < u' <0.23 fors, =3,
0.058 < ' <0.15 fors, = 2.

Here the parameter u’ is defined by the Eq.:
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W =pef + (1 —p)e

and has the meaning of the standard deviation of the
deformability of erythrocytes in a bimodal ensemble
from its average value. For the levels of relative light
intensity I = 0.25 and [ = 0.40, the measurement error
of parameter p using the database algorithm, as a rule,
exceeds 10%. As for the measurement error of parameter
s,, it did not exceed 1% in all cases.

In real experiments, some assumptions of our
theoretical model can be fulfilled only approximately.
This concerns the shape of erythrocytes in a shear flow,
their distribution in size and deformability, location and
orientation in space, the assumption that there are no
other light-scattering particles in the measuring volume,
etc. If necessary, these circumstances can be taken into
account in the theory, but this will lead to its significant
complication. On the other hand, it is possible to bring
the theory closer to the experiment by selecting the
experimental conditions, such as the method of preparing
blood samples, choosing the optimal shear stress and the
coordinate system on the observation screen, etc. The
final verification and assessment of the accuracy of the
model can be carried out in experiments with specially
prepared blood samples.

10 Conclusion

In this paper, we consider the problem of measuring the
fraction of weakly deformable erythrocytes (FWDE) in a
blood sample by laser diffractometry of erythrocytes in a
shear flow (ektacytometry). The parameters of the
diffraction pattern that are most sensitive to FWDE are
revealed. These parameters are the coordinates of the
polar and characteristic points of the isointensity line. An
algorithm for measuring FWDE is proposed based on a
comparison of experimentally observed diffraction
patterns with patterns calculated in the bimodal ensemble
approximation, when only two types of erythrocytes are
present in a blood sample — normal (deformable) and
rigid (non-deformable) erythrocytes. The accuracy of the
algorithm was estimated by numerical experiment and
the area of its applicability was determined both in
relation to the allowable inhomogeneity of the ensemble
of erythrocytes and in relation to the part of the
diffraction pattern suitable for measurements. The
calculations are made for typical experimental
conditions, when the aspect ratio of the isointensity line
chosen for measurements is D = 2 + 3. It is shown that
the measurement error of FWDE does not exceed 10% if
the spread of erythrocytes in deformability is
i = 6 + 23 %, and the light intensity on the isointensity
line is I = 3 + 9 % relative to the intensity of the central
maximum of the diffraction pattern. For light intensity
levels I = 25 + 40 %, the measurement error of FWDE,
as a rule, exceeds 10%. These data confirm the earlier
conclusion that the most sensitive to the parameters of the
ensemble of erythrocytes is that part of the diffraction
pattern, where the light intensity is approximately an
order of magnitude lower than the intensity of the central
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diffraction maximum. The aspect ratio for the soft
component of the ensemble of erythrocytes (parameter
s,) in all cases considered by us was found with an error
not exceeding 1%.
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