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Abstract. We describe a new analytical method for coated plasmonic 
nanoparticles, combining the modal expansion method (MEM) with the dipole 
equivalence method (DEM). The universality and accuracy of our approach are 
demonstrated through comparisons of extinction and scattering spectra for 
variously shaped two-layer gold and silver nanoparticles (rods, disks, triangle 
prisms, bicones, and bipyramids) with dielectric coatings from 0 to 100 nm, 
benchmarked against numerical calculations using COMSOL. Due to its 
universality, the MEM + DEM approach accurately reproduces the dependence 
of extinction and scattering spectra on particle size, shape, shell thickness, and 
orientation relative to the incident light polarization. We also investigate the 
effects of size-corrected dielectric functions for gold and silver, along with 
related damping mechanisms, on the spectra. As expected, size-dependent 
damping broadens and reduces plasmonic peaks, especially for small silver 
nanoparticles. Although MEM inherently does not depend on particle shape, the 
MEM + DEM method fails for coated bicones with sharp tips but performs 
satisfactorily for rounded bicones. This limitation is due to strong localization of 
plasmonic fields near the tips, which violates the assumption of homogeneous 
internal fields and the applicability of DEM. To avoid this difficulty, we introduce 
a factorized version of MEM that ensures accurate analytical calculations for 
coated sharp bicones. In summary, the MEM + DEM approach provides a simple 
yet accurate analytical tool for simulating various plasmonic properties of 
coated metal nanoparticles and for developing machine learning models. 
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1 Introduction 

Biomedical applications of plasmonic nanoparticle 
conjugates require functionalization of their surface with 
various functional molecules, which ensure their stability 
in the bloodstream, invisibility for immune system cells, 
targeting specific biotarget sites, etc. [1−23]. Often, such 
properties are achieved in hybrid multilayer structures 
with silica-type dielectric shells. Thus, from a structural 
point of view, multifunctional bioconjugates are at least 
bilayer particles with a metal core and a dielectric 
coating. The optical properties of such conjugates differ 

from those of the plasmonic core and, in principle, can be 
simulated by modern numerical methods, such as the 
finite element method [4], the boundary element 
method [5, 6], the finite difference time domain 
method [7], and the discrete dipole approximation [8]. 
For applications of these methods to specific plasmonic 
problems and comparison of their efficiency the readers 
are referred to recent reviews [9, 10]. However, 
analytical models based on simple physical ideas are 
more in demand to control the various stages of synthesis 
in situ to predict given optical properties and their 
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correlation with the structure of particles. Besides, 
analytical methods can be useful in application of AI 
tools based on deep machine learning models. 

In this paper, we describe an analytical model of this 

type [11], which is based on a combination of two 

methods: the modal expansion method (MEM) [12] and 

the dipole equivalence method (DEM) [13]. The main 

advantage of the DEM method is that the analytical MEM 

models for particles of various shapes are also applicable 

for particles with a single-layer or even multilayer 

dielectric coating. In this communication, the capabilities 

of our method are illustrated by comparing analytical and 

numerical (COMSOL) extinction and scattering spectra of 

gold and silver nanorods (NRs), nanodiscs (NDs), 

triangular nanoprisms (NTs), bicones (BCs), and 

bipyramids (BPs). 

In our previous papers [11, 14] we used the bulk 

dielectric functions of silver and gold. Here, we extend our 

consideration to include the effects of size-corrected 

dielectric function caused by limitation of the mean free 

path of conductive electrons. The history of this point dates 

back to pioneering works by Doyle [15], Hampe [16], and 

Fragstein and Römer [17] published in 1958. Doyle 

discovered that the plasmon resonance widths 

(0.05–0.5 eV) of NaCl crystals did not match the 

calculated bulk value of 0.02 eV. He suggested that this 

anomaly could be explained by the limitation of the 

electron mean free path, which cannot be larger than the 

nanoparticle size. Therefore, the classical electron mean 

free path (~20 nm) should be replaced with the actual size 

of the NaCl particles. Similarly, Hampe observed 

significant broadening of the absorption spectra of gold 

nanoparticles in a silicate matrix and proposed that this 

could also be explained by the limitation of the electron 

mean free path. Römer and Fragstein [18] measured the 

refractive index of gold nanoparticles ranging from 3 to 

20 nm and found significant differences between the 

optical constants of bulk gold and those measured for the 

smallest 3.5 nm particles. Consistent with Doyle [15] and 

Hampe [16], they speculated that these anomalies might be 

related to size-correction effects. In 1969, Kreibig and 

Fragstein [19] developed a comprehensive classical model 

of the size-corrected dielectric function in metal 

nanoparticles, incorporating the size-dependent damping 

constant ( ) p a  

( ) F

p b s b s

v
a A

a
       , (1) 

where  b  is the dumping constant of bulk metal, Fv  is the 

Fermi velocity, a is the radius of a spherical nanoparticle, 
and the scattering constant As depends on the scattering 
model of conductive electrons at the particle surface. The 
modified dumping constant γ(a) should be substituted 
into the classical Drude-Lorentz [20] theory for the 
dielectric function of conductive electrons. Since the 
publication of these early works, the size-corrected 
dielectric function, based on the modified dumping 
constant (Eq. (1)) within the Drude-Lorentz theory, has 
been widely used in many studies [21−26]. 

In line with many previous studies [26, 27], we 

demonstrate that size-dependent dumping results in 

broadening and reduction of the plasmonic peaks of coated 

nanoparticles, especially for small silver nanoparticles. For 

the main localized plasmon resonance (LPR) peaks, the 

analytical method accurately describes the changes in 

extinction and scattering spectra with increasing dielectric 

shell thickness for all particle types. However, we 

observed noticeable differences between the analytical 

spectra and their numerical counterparts for bicones and 

bipyramids. These differences are due to strong near-field 

localization near sharp vertices, which violates the 

conditions for applying the dipole approximation. To 

improve the original MEM + DEM scheme, we propose a 

factorized MEM model where the effective path length is 

adjusted via an additional MEM parameter that depends on 

the dielectric coating thickness. This correction is shape- 

and size-independent, making it broadly applicable. 

2 Methods and Materials 

Our MEM models are similar to those previously 
described [11], with differences in parametrization and 
size-dependent corrections for the dielectric constants of 
gold and silver. Figure 1 shows the five particle shapes 
considered in this work. We also define the geometrical 
parameters in terms of the characteristic particle size L 
and a generalized aspect ratio AR. Panel B illustrates the 
parametrization of coated nanorods. The particle core is 

characterized by a complex permittivity 1 , while a 

homogeneous shell is described by its thickness s, and 

permittivity 2 = 2.25, which corresponds to a typical 

refractive index of 1.5 for most stabilizing ligands and 
functional coatings [28]. The surrounding medium is 

characterized by its dielectric function m , (water in this 

work). 

 

Fig. 1 The characteristic length L and a generalized 

aspect ratio AR characterize geometrical models for five 

particle morphologies. Panel B illustrates NP coating 

with a dielectric shell of constant thickness s; (A) NRs 

have hemispherical caps at the tips; (C) nanodisks have 

semicircular edge profile; (D) nanotriangle prisms have 

smooth edges with rounding radius (L + t) / 40; 

(E) bicones have rounded tips and circular base edge with 

rounding radii d / 40 and d / 100, respectively; 

(F) bipyramids have the pentagonal base and smooth tips 

edges. 
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To eliminate sharp edges for prisms and bipyramids, 

we used small smoothing parameters proposed by 

Yu et al. [12]. However, the experimental as-prepared 

and chemically etched bipyramids have variable tip and 

base radii, which are significantly larger than those in 

rounding model by Yu et al. [12]. Specifically, the radii 

of the tips and base increase as the overall length of the 

bipyramid decreases [29]. Since the bipyramid diameter 

remains nearly constant during chemical etching, the 

experimental data can be approximated by simple linear 

relationships. 

1(nm) 14 2tipR AR  , 

(2) 1(nm) 16 2baseR AR  , 

1 6AR  . 

For benchmark calculations, we use the finite element 

method with the commercial package COMSOL 

Multiphysics 5.1 (Wave Optics module) and T-matrix 

codes [30]. For details concerning COMSOL and T-

matrix simulations as well as the tabulated optical 

constants data and its approximations, the readers are 

referred to our previous works [11, 14]. 

To calculate the size-corrected dielectric functions of 

gold and silver we used the classical approach [19, 26, 

27] in which the tabulated bulk data arte corrected by 

difference between the Drude-Lorentz conductive 

electron terms with bulk and size-corrected dumping 

constants 

2 2
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In Eq. (3), the particle dumping parameter  p  is given 

by Eq. (1) with the scattering constant sA  which includes 

two contributions from the surface electron scattering [19] 

and the chemical interface dumping chemical interface 

damping (CID) caused by changing the nanoparticle’s 

chemical interface [31, 32] 

 surf CID F F

s s s s

s s

v v
A A A

l l
    , (4) 

where the mean free path of electrons ls is proportional to 

the ratio of the particle volume V and surface S according 

to the Coronado and Schatz [33] Eq.: 

4
s

V
l

S
 . (5) 

Note that we did not include radiation dumping 

term [34, 35] in Eq. (4) because the full wave finite 

element method (FEM) solution accounts for the 

radiation dumping automatically.  

One important note concerning possible quantum 

mechanical (QM) effects in small metal particles is in 

order. Kawabata and Kubo [36] were the first to note that 

the classical interpretation of size effects, based on 

surface electron scattering by the nanoparticle surface, is 

not correct. According to QM treatment, the size-

correction effect stems from the appearance of surface 

discrete levels and an additional imaginary part of the 

dielectric function due to dipole transitions between these 

levels. However, it was an unexpected result that more 

sophisticated QM calculations led to the same inverse 

proportionality between the damping constant and the 

characteristic particle size [37−39]. Therefore, here we 

adopt the classical size-correction scheme (Eqs. (3−5)).  

In our MEM + DEM method [11], the generalized 

polarizability of a coated plasmonic particle is given by 

the following analytical expression: 

3
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where the summation is over all modes “j” (j = 1 

corresponds to the dipole eigenmode); R2ev and L2 are the 

equivolume sphere radius of the coated particle and its 

characteristic size, respectively, 2 2 2( ) ( ) / m

j jq h V h V  are 

the modal volume fractions for mode “j”, 2( )m

jV h  and V2 

are the modal and total volumes of the coated particle. For 

metal particles without coating, the parameter  j  is 

simply replaced by the metal dielectric function 1  

reducing the above equations to the original MEM 

form [12]. Eigenvalues 1( ) j h  and 2( ) j h  are the key 

parameters of MEM. They depend on the particle shape 

only or, in other words, on the generalized aspect ratio 

i ih AR , 1,2i . It should be emphasized here that 

1( ) j h  and 2( ) j h do not depend on the particle size, 

composition, or environment thus making MEM + DEM 

approach quite universal. Analytical expressions for all 

MEM parameters are available in our previous work [11]. 

The MEM polarizability (Eq. (6)) depends on the 

incident light’s polarization but not on its direction 

relative to the particle frame. In practice, the extinction 

and scattering cross sections averaged over random 

particle orientations are given by following Eqs. [30]: 
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where Re( ) (2 / )Re( )   m m mk k n , is the real part of 

the wave vector modulus, the angular brackets stand for 

averaging over random orientations, and superscripts x, y, 

z correspond to polarizations of the incident light along the 

frame axes related to the particle.  
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3 Results and Discussion 

First, consider the effects of dielectric coating on 

plasmonic cores with bulk optical constants. Figure 2 

shows the excellent accuracy of the analytical model in 

predicting the main LPR peaks for randomly oriented 

silver and gold nanorods as the shell thickness increases 

from 0 to 30 nm. In this and subsequent figures, the shell 

refractive index is 1.5, and the external medium is water. 

A similar agreement between analytical and numerical 

spectra was observed for scattering cross sections (data 

not shown). 

Extensive COMSOL and MEM + DEM simulations 

show that the analytical MEM + DEM approach 

accurately predicts the extinction and scattering spectra 

of gold and silver nanorods with a maximum length of 

200 nm, aspect ratios from 1 to 6, and dielectric shell 

thicknesses up to 100 nm.  

The greatest difference between COM and MEM 

solutions for gold nanorods occurs at a moderate aspect 

ratio (AR = 2) and a maximum shell thickness of 30 nm. 

The COM model gives extinction and scattering peaks of 

Ce = 1379 nm2 and Cs = 73.9 nm2 at 646 nm, compared to 

MEM values of 1359 nm2 and 64 nm2 at 642 nm. This 

results in maximal errors of approximately 0.6% in peak 

position and 1.5% in extinction cross section. The error for 

the scattering resonance peak is significantly larger, about 

14%. These trends are similar for silver nanorods. It is 

important to note that all comparisons between MEM and 

COMSOL focus only on the main dipolar plasmonic 

peaks, as MEM does not capture minor multipolar 

extinction and scattering peaks.  

Figure 3 compares numerical (blue) and analytical 

(red) extinction (A) and scattering (B) spectra calculated 

for in-plane excitation of silver disks with the coating 

thicknesses from 0 to 30 nm. Minor short wavelength 

peaks are omitted because MEM theory does not 

reproduce them. There is excellent agreement between 

analytical and numerical spectra in peak positions, 

amplitudes, and their dependence on the shell coating 

thickness. Based on extensive simulations, the analytical 

approach is valid for gold and silver disks with a core 

diameter of 120 nm, core thickness of 20 nm, and shell 

thickness of 60 nm. The above numbers should be 

considered upper boundaries. The maximal MEM errors 

for gold NDs occur for 20 × 120 nm disks with a 30-nm 

coating. In particular, the PR peak positions and the 

extinction and scattering cross sections are: MEM – 

787 nm, 1.281 × 105 nm2, and 1.092 × 105 nm2, respectively; 

COM – 784 nm, 1.281 × 105 nm2, and 1.092 × 105 nm2, 

respectively. For silver NDs similar numbers are: 787 nm, 

1.348 × 105 nm2, and 1.046 × 105 nm2, respectively. Thus, 

the corresponding relative MEM errors are 0.4%, 0%, and 

4.4%. For AgNDs, similar estimations give a bit higher 

errors: 1% (peak position), 3.2% (extinction peak), and 

1.2% (scattering peak). 

 

Fig. 2 (A) Extinction spectra of randomly oriented silver and (B) gold coated nanorods with a core diameter of 15 nm, aspect 

ratio 4, and coating thicknesses s = 0, 3, 10, and 30 nm. Calculations by COMSOL (blue) and MEM + DEM (red) methods. 

 

Fig. 3 (A) Extinction and (B) scattering spectra of silver nanodisks at in-plane excitation. The coating thicknesses s = 0, 

3, 10, and 30 nm, and the disk thickness and aspect ratio are 20 nm and 3, respectively. Calculations by COMSOL (blue) 

and MEM + DEM (red) methods. 
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Fig. 4 (A) Extinction and (B) scattering spectra of gold nanotriangles with a thickness of 10 nm and aspect ratio of 5. 

Note that the scattering cross-section values are one order less than those for the extinction cross sections. 

Figure 4 demonstrates the excellent accuracy of the 

analytical MEM + DEM method in predicting the 

extinction and scattering spectra of gold triangular 

nanoprisms with a 10 nm thickness and increasing 

dielectric coating from 0 to 30 nm. Similar results were 

obtained for silver and gold nanotriangles of various 

thicknesses. Minor short-wavelength multipolar peaks 

from COMSOL are not shown here. For gold NTs, most 

significant difference between MEM and COM spectra 

peaks occur for a thick 30 × 150-nm particles without 

coating: MEM – 810 nm, 1.345 × 105 nm2, and 

1.030 × 105 nm2, respectively; COM – 814 nm, 

1.425 × 105 nm2, and 1.102 × 105 nm2, respectively. In 

other words, the percentage differences are 0.5% (peak 

position), 5.6% (extinction), and 6.5% (scattering). 

Finally, for bare 30 × 250 nm silver NTs, the percentage 

difference between MEM and COM peak position, 

extinction and scattering are 0.8%, 5.3%, and 5.45%, 

respectively. 

Compared to rods, disks, and triangles, the analytical 

spectra of coated bicones and bipyramids did not match the 

numerical results obtained with COMSOL. We 

investigated this issue and hypothesize that the 

discrepancy between MEM + DEM and COMSOL may 

be due to strong localization of the local field near the 

sharp bicone tips [11]. We also compared the COMSOL 

and MEM dependencies of plasmonic peak positions on 

shell thickness, starting with very thin coatings of 0.2 nm. 

These dependencies differ significantly when plotted 

against both shell thickness and shell volume fraction. 

Specifically, COMSOL predicts larger plasmonic shifts 

than MEM. One possible explanation is the concept of the 

local shell volume fraction excited by the intense local 

field near the bicone tips. This feature enhances the 

sensitivity of plasmonic bicones and bipyramids [40] to 

their local environment. However, the strong localization 

near the tips violates the assumption of a homogeneous 

internal field distribution, which questions the physical 

basis of MEM + DEM in this context. 

To improve the MEM accuracy, we introduced [11] a 

new MEM + DEM version in which the MEM parameter 

1( ) AR  and the modal volume function 1( )V AR  are 

represented in factorized forms 1( ) ( ) AR f s  and 

1( ) ( )VV AR f s  where functions ( )f s  and ( )Vf s  depend 

on the shell thickness only and do not depend on the 

particle metal, size, and shape. In the original version of 

MEM [12], the modal volumes and eigenvalues were 

functions only of the generalized shape parameter and did 

not depend on the particle size or their material (gold or 

silver). Our proposed theory for coated plasmonic 

particles [11] used the dipole equivalence method we 

developed earlier [13] to relate the original MEM 

polarizability of a metal particle to the polarizability of a 

coated particle. Generally speaking, it was not obvious a 

priori that this approach would work for particles of 

arbitrary shape. However, comparison with numerical 

calculations showed that for all realistic particle models, 

including pentagonal bipyramids with vertex radii of 

2−6 nm, the MEM + DEM method yields excellent 

results. An exception was found only for a model with a 

geometric feature – a bicone with a very small vertex 

radius of curvature. For this model, the influence of a very 

thin coating exhibits clear nonlinearity, and the analytical 

spectra disagree with the numerical ones regarding the 

coating-induced shift of the plasmon resonance. As we 

stated previously, the physical reason for this is related to 

the strong non-uniformity of the local field near the 

vertices. From a physical point of view, this means that the 

modal volumes and eigenvalues of the electrostatic 

problem should now depend not only on the shape but also 

on the coating thickness. In the general case, they should 

be functions of two variables. The idea of the factorization 

method is that these (unknown) functions of two variables 

can be represented as a product of shape functions and 

coating thickness functions. Here, the shape functions are 

the same universal parameters of the original MEM and do 

not depend on the particle size or shape material. On the 

other hand, the coating thickness functions should be equal 

to 1 at zero thickness. They also do not depend on the 

particle size and, to a first approximation, do not depend 

on the shape material. 

We derived the factorized functions by comparing 

benchmark simulations with analytical spectra and 

introduced them to the calculation scheme. Figure 5 

illustrates the excellent accuracy of the factorized MEM 

method in predicting the extinction and scattering cross-

section spectra. Similar results were obtained for coated 
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gold and silver bicones with other aspect ratios from 2 to 6 

and other diameters from 10 to 30 nm. Note that because 

of more complex factorized MEM+DEM parametrization, 

we used different MEM parameters for silver and gold 

bipyramids. In a sense, the universality of the factorized 

analytical method is somewhat limited, but this is 

compensated by higher accuracy. 

By contrast to sharp-tipped bicones, for bipyramids 

with the rounding radii as given by Eq. (2) the 

MEM + DEM analytical method works almost perfectly 

without any additional factorized parametrization for the 

eigenvalues and modal volumes (Fig. 6). Figure 6 

demonstrates excellent accuracy of MEM + DEM 

method for extinction spectra of gold and silver 

bipyramids with dielectric coating thickness ranging 

from zero (bare metal) to 30 nm. In this simulations, the 

width of bipyramids was set to be 30 nm and the aspect 

ratio varied from 2 to 5, in agreement with most 

experimental observations [29, 41−44]. The shell 

thickness was varied from 0 to 30 nm although equally 

good agreement between MEM and COMSOL spectra 

was obtained for thicker shells (up to 60 nm) when the 

shell volume fraction was greater than 0.9. The main 

differences between MEM and COM spectra are 

observed for slightly elongated (AR = 2) coated (s = 30 

nm) gold bipyramids. For example, the peak positions 

and amplitudes are: MEM – 564 nm, 4649 nm2 

(extinction), and 316 nm2 (scattering); COM – 568 nm, 

4832 nm2 (extinction), and 365 nm2 (scattering). 

Accordingly, the percentage difference between MEM 

and COM peak position, extinction and scattering are 

0.7%, 3.8%, and 13.4%, respectively. Similar estimations 

hold also for silver bipyramids. 

 

Fig. 5 Extinction (A) and scattering (B) spectra coated gold bicones excited along the symmetry axis L=100 nm. The 

aspect ratio is 4, and the coating thicknesses are s=0, 1, 3, 10, and 30 nm. Calculations by COMSOL (blue) and factorized 

MEM + DEM (red) methods. Note the extraordinary sensitivity of the LPR peak position to the local environment (thin 

1-nm dielectric coating). 

 

Fig. 6 Extinction spectra of gold (A-C) and silver (D-F) bipyramids calculated by MEM (red) and COMSOL (blue) for a 

constant width of 30 nm and aspect ratios 3, 4, and 5. The shell thicknesses are 0, 1, 3, 10, and 30 nm. The rounding radii 

are given by Eq. (2). 
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Fig. 7 Scattering spectra of (A) gold and (B) silver bare and coated (s = 30 nm) bipyramids with a fixed diameter of 

30 nm, aspect ratios of 5, and rounding radii of tips and bases are determined by Eq. (2). Calculations by COMSOL 

(dashed lines) and MEM (solid lines) under in longitudinal excitation for bulk (As = 0, blue) and size-corrected optical 

constants (As = 0.33 for gold and As = 1 for silver, red). 

Now, we briefly discuss the main differences between 

extinction and scattering spectra calculated using bulk and 

size-corrected optical constants for gold and silver (a more 

detailed discussion can be found elsewhere [45]). In 

practical simulations, selecting the electron scattering 

constant is the most challenging step. For literature data 

and discussion of this point, the readers are referred to 

papers [25, 26]. In this work, we used As = 0.33 [46, 47] 

for gold and As = 1 for silver [25]. We conducted extensive 

simulations for five particle models, two metals (gold and 

silver), and shell thicknesses ranging from 0 to 100 nm. 

These results will be discussed elsewhere. Here, we focus 

on a single example that exhibits the most pronounced 

size-correction effects. 

Figure 7 shows scattering spectra of gold and silver 

bare (s = 0) and coated (s = 30 nm) bipyramids. 

Calculations were performed for bulk (As = 0, blue) and 

size-corrected (As = 0.33 for gold and 1 for silver; red) 

dielectric functions. First, we again note excellent 

agreement between analytical (MEM) and numerical 

(COMSOL) spectra. Second, there is significant reduction 

of resonance scattering amplitudes and peak broadening, 

especially for silver particles. Finally, we note somewhat 

unusual decrease in scattering peak for coated silver 

particles. Similar effects were described and explained 

previously [11].  

4 Comparison of MEM + DEM with Other 

Analytical Approximations 

The simplest analytical approach is the quasi-static (or 

electrostatic) approximation (EA), which is valid in the 

limit of small particle sizes. In particular, analytical 

solutions are known for two-layered spheres and 

spheroids [48]. However, we have previously shown [14] 

that for gold and silver spheroids with sizes on the order of 

50−100 nm, the EA is not applicable for predicting either 

the position or the amplitude of the plasmon resonance, 

even for metallic particles, let alone coated ones. 

Another physical approach is to treat a plasmonic 

particle with a single-layer or multi-layer dielectric coating 

as a homogeneous particle with some effective refractive 

index. Essentially, a similar idea underlies the Discrete 

Dipole Approximation (DEM). There are many theoretical 

approaches of this type, collectively known as the family 

of effective medium approximations (EMA) [49]. The 

history of EMA goes back to pioneering works by 

Maxwell Garnett [50] and Bruggeman [51], with 

sequential development in many reports (see, e.g., 

Refs. [52] and [53]). Stroud and Pan [54] suggested a so-

called extended EMA (EEMA) to go beyond the small-

size limitation of classical EMA. For a very useful and 

detailed discussion of various EMA versions, the reader is 

referred to the book chapter by Chylek et al. [49]. All 

versions of EMA are computationally simple and offer 

analytical insight into the averaged behavior of various 

composites. They can describe phenomena such as the 

plasmonic redshift with increasing filling fraction. 

However, they have serious limitations because the key 

assumption of EMA is that inclusions are small, typically 

spherical in shape, isolated, and embedded in a 

homogeneous local field. In other words, arbitrary particle 

shapes and sizes are beyond the typical EMA framework, 

which works within the small-sphere limit. In contrast, the 

MEM + DEM approach is designed for plasmonic coated 

particles of arbitrary shape and typical core sizes under 150 

nm, offering reasonable accuracy compared to more time-

consuming numerical methods. 

The quasinormal mode (QNM) method is a more 

sophisticated semi-analytical approach for open resonant 

systems, such as optical cavities, nanoparticles, and 

metamolecules [55]. Quasinormal modes are the complex-

frequency eigenmodes of such systems with radiative 

losses. Once the QNMs are computed (typically via a 

numerical solver like FEM or finite difference time 

domain (FDTD)), the optical properties are represented as 

a sum over QNMs. Such expansions provide an efficient 

and physically intuitive approach to describe Purcell effect 

and Fano resonances. However, the accuracy of the 

expansion depends on the completeness of the QNM set, 

which makes the QNM approach more complex and 

computationally demanding compared to MEM + DEM. 

For complex systems like large-scale random colloidal 

aggregates, QNMs become impractical. 
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5 Conclusion 

We have expanded the MEM approximation developed for 

metallic nanoparticles to the coated nanostructures. It 

should be emphasized that our MEM + DEM approach 

does not require any additional numerical simulations 

except for those needed for the original MEM. By 

comparing analytical spectra with benchmark COMSOL 

simulations, we have demonstrated excellent accuracy and 

shape universality of the MEM + DEM approach.  

Based on extensive simulations (the full data are not 

shown here; see, for instance, related references [11, 14, 

45]) we can recommend the MEM + DEM approach for 

various coated particle geometries, provided that their 

maximal size, coating thickness, and generalized aspect 

ratio do not exceed 150 nm, 60 nm, and 10, respectively. 

Moreover, MEM + DEM is applicable to particles with 

either bulk or size-corrected optical constants [45]. Finally, 

their minimal curvature radii should be greater than those 

indicated in the original MEM paper [12]. For typical 

experimental pentagonal bipyramids, MEM + DEM is 

applicable as is. 

We hope this extension can find valuable applications 

in simulating various properties of coated plasmonic 

particles. In particular, it would help us understand how the 

particle coating modulates absorption and scattering 

spectra, plasmon quantum yield, SERS enhancement, and 

metal-enhanced fluorescence. In particular, the 

MEM + DEM approach provides a simple yet accurate 

analytical tool for simulating the plasmonic properties of 

coated metal nanoparticles and for developing machine-

learning models. Recent trends clearly indicate a 

significant growth in studies and publications that integrate 

state-of-the-art synthesis protocols with AI 

capabilities [56−60] Two instructive examples applying 

machine learning to the synthesis of gold nanorods [61] 

and nanostars [62] were recently published. The developed 

MEM + DEM analytical models are believed to be useful 

for predicting optimal strategies to achieve precise optical 

control of both intermediate and final nanoparticle 

products. 
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